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ABSTRACT 

This  paper  contnins  a  study  of  the  orthogonality  properties  of  the 
modes  inside  an  idealized  source  frse  helical  wave  guide.  A  vector  bi- 
orthogonal  relationship  involving  the  trpjisverse  compondnts  of  B  and  H  is 
obtained.  From  this  orthogonality  property  is  derived  the  proof  of  (i) 
the  roots,  V^,  of  the  eigen-value  eqxiation  are  such  that  ^  is  always 
real  and  (ii)  the  longitudinal  component  of  the  power  down  the  helical  guide 
is  the  sum  of  the  powers  due  to  each  mode  alone. 
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1,   Introduction 

This  paper  investigates  the  orthogonality  properties  of  the  modes 
inside  an  idealized  source  free  helical  ware  guide.  We  assume  the  guide 
has  cylindrical  walls  which  are  perfectly  conducting  in  a  helical  direction 
and  perfectly  non-conducting  in  the  direction  perpendicular  to  this.   Such 
Idealizations  of  the  traveling  wave  tube  have  "been  considered  by  Phillips 
Brillouin^^'  and  Harrison^^  . 

Designate  the  axis  of  the  cylinder  as  the  z-axis  and  asstune  a  harmonic 
pendence  of  the  form  e~    .  The  field  cc 
non-separeble  combination  of  I.E.  and  T.M,  modes 

(1.1)   ^22-  r        J  (rr) 


time  dependence  of  the  form  e     .  The  field  components  are  found  to  be  a 


n  * 


n=  -oc 

(see  Stratton   )  where 

y^^^inO-iu>t*i^.  .   r'  =  k2-^'. 

Vfhen  the  boundary  conditions  mentioned  in  the  first  paragraph  are  applied  at 
the  surface  of   the  guide,   there  results   the  two  following  eigen-value   equations 
for  the  determination  of  Y^  and  hence^  : 

k(r  B.)  n 

Phillips  has  shown  that  Bq,  (1,2)  has  an  infinity  of  real  roots  f  and  at  most 

two  pure  imaginary  roots.   One  of  our  principal  results  is  the  proof  that  all 

2 
Talues  of  Y     BiUBt  be  real  so  that  Phillips  has  obtained  all  possible  values 

of  the  propagation  constant. 

The  main  problem  considered  in  this  pnper  is  that  of  representing  an 

arbitrary  transverse  field  in  terms  of  the  modes  that  propa^te  down  the 

helix.  This  is  important  because  it  enables  ub  to  investigate  the  response 

of  the  traveling  wave  tube  to  any  type  of  initial  excitation.  The  customary 

procedure  is  to  show  that  the  modes  form  a  complete  orthonormal  set  and  then 

use  the  orthogonality  properties  of  the  modes  to  obtain  the  representation. 

However,  the  modes  for  the  traveling  wave  tube,  either  those  found  by 

(5) 
Philli]  i   or  those  found  by  Pierce   ,  do  not  possess  the  usiial  orthogoneJ-ity 

properties.  The  main  object  of  this  paper  will  be  to  investigate  whether 
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a  more  general  type  of  orthogonality  can  "be  foimd  for  the  modes  so  that 

a  representation  theory  will  still  he  possihle. 

It  should  also  he  mentioned  that  investigations  have  encountered, 

in  a  variety  of  wave  guide  structures,  modes  vfhich  show  similar  hehaviour, 

Hansen  '  ,  for  the  delay  line  with  a  reactive  wall;  Pincherle   ,  for  a 

(q) 
wave  guide  partially  filled  with  dielectric;  and  Adler  "^  for  a  circular 

wave  guide  with  reactive  wall  have  come  across  the  common  difficulty  of 

discovering  modes  vriiich  do  not  possess  conventional  orthogonality. 

Parthermore,  Phillips  and  Malin     have,  in  an  investigation  of  the 

helical  wave  guide,  ixnder  modified  houndary  conditions,  discovered  that 

there  are  only  a  finite  numher  of  discrete  modes  which  clearly  meant?  that 

they  do  not  form  a  complete  set, 

Tor  our  problem,  Bq,  (1.2)  indicates  two  sets  of  modes,  each  of 
which  is  a  linear  combination  of  T.S.  and  T.M.  modes,  hoth  of  which  must  he 
present  to  satisfy  the  houndary  conditions.   Because  of  the  peculiar 
"boundary  conditions  imposed  on  the  guide,  the  usual  orthogonality  re- 
lationships do  not  hold.   We  have  heen  successful  in  obtaining  for  the 
modes  of  each  set  a  vector  hi-orthogonality  relationship  involving  the 
transverse  components  of  B  and  H,  This  relationship  is  the  mathematical 
counterpart  of  the  following  physical  fact:   the  z-component  of  the  power 
down  the  guide  is  the  sum  of  the  z-component s  of  the  powers  due  to  each 
mode  alone. 
2,  Mathematical  Statement  of  the  Pro"blem 

For  a  monochromatic  source  the  electromagnetic  field  inside  an 
infinitely  long  circular  cylinder  can  he  represented  in  the  form  (Stratton   ) 

j!  (fr)  A^  -  ^  J  (VDbI  F   . 
A       n     ^2  _   n       n-"   n  ' 


(2.1) 


^r  = 

00 

>     [^ 

n=  -00 

r 

1 

J     ( 
n 

^0  = 

00 

-> 

n/5 
,.2.. 

■    J 
n 

OF  -00 
00 


r 


F 


n-*   n 


\=  YL     l'n^rr)^J    F^  . 


n=  -oo 
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00  - 

-  2 


^        Z L  MUi^x  ^  r         n  nJ     n     • 


(2,2) 


H 

n=  -00 


00       ,  2 


H    =    y~  f  JL^-   j'     (rr)A^    .    i2^   J      (rr)    b1    P      , 


MOOT      ^  '^  y2 


'    E!     l'"    '"''    *n^    '■>     • 


00 

H 


2 

n*  -00 

In  these  relations 

(2.3)  r^  =  k^-/^^       ,  Pj^    =  exp  (InO  +  i^z  -  icut)     .         Re/SX)       , 

and  the  prime  above  a  Bessel  function  denotes  differentiation  with  respect  tc 
the  argument     X  r. 

We  shall  idealize  the  helix  by  assuming  that  on  the  surface  of  the 
cylinder  both  the  electric   field  and  the  magnetic  field  will  vanish  In 
the  helical  direction.     If  0(  denotes  the  constsuit  angle  between  the  axis 
of  the  cylinder  and  the  helical  direction,    the  boundary  conditions  state 
that 
(2.U)  cos  o<    Eg     t-     8lno(  Bj  =  0 

cos  o<    H_     •♦•     slno<  H     =  0 
V  z 

at  r  =  a  and  for  all  values   of  0  and  z, 

Eqs.    (2,U)  are  certainly  satisfied  If,   for  each  n, 

^2'5)     (8iao(_24-    cosck)     J     (ra)A^-i4^    co8o<    j'   ( ya)  B     =0 
X^SL  ^  ^  r  n    .'  n 


ik      C08  0<  t       1.^      \       A       *       I    *     ^  uS  C.09OC       V       .       i^     \   ^ 

yucot^  ^  ^  Y«2  n  n 


In  order  tliat  there  exist  a  non-trivial   solution  for  A  ,  B     the  determinant 

n       n 

of  the  coefficients  of  Eqs,    (2,5)  must  vanish;   that  is 

(2.6)  (slni^-     2^    cosoc    )2     j2     (a  r)  =  ^^^l^f^L    j'^     (^a)        , 

tan  PC     ^  n/8  ^         ^y^^^ 

'^  k(ra)2      -  ^rJ^f^-FT   • 
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If  we  use  Eq.  (2.6)  together  with  Kq.  (2,?)  we  find  that 

(2.7)  i/"*^\  =  l»^\ 

the  upper  sign  here  corresponding  to  the  upper  sign  of  Eq.  (2.6).  Por 
n  fixed,  there  will  te  an  infinite  number  of  roots  of  (2,6).  Denote  these 
roots  hy  V^  (»  =  1|  2,  •  ••  ).  For  each  value  of  T  ,  there  will  exist 
a  node  which  we  will  denote  hy  Ej.^"^\  \    •  ®^°«  ^^^se  field  components 
ma,v  he  found  hy  using  Sq.  (2.?)  in  (2.1)  and  (2.2).  We  have,  after  omitting 
a  constant  factor. 


rinn 


L   2     n   •  mn     ^    n  ^  '  nm  J 
»  mn 


,^(^),U  VV     ,^         ^  .  ,     n  in.  /-*.n' 


E       -   n   •  mn 


(2.8) 


(ran)  ^  L  J:E_  j  (^  r)  ^  ifaS  j'  (  y.  r)] 
r      [-   2  J.  n   'mn     r^n  ^    °^  *' 


^mn   J  ,  _   J  InO   ^/^mn* 


>~mn'  '"^ 


H.^-^  =  [t  ^  /  (  ^^.)  .  ^  .^  (  r„,r)]  e^^  e^^-^ 


mn  i^   ' 


^'^^'^  [Vr^')J  • 


inO    ^  /^mn^ 


e 


These  field  equations  correspond  to  linear  combinations  of  the 
familiar  T,'£,   and  T.M,  modes  present  in  ordinary  wave  guides. 

Our  main  interest  is  in  determining  the  field  produced  in  the 
tube  by  some  excitation  at  an  arbitrary  cross  section,  say  z  =  0.   Suppose 
then,  we  are  given  E  and  B_  at  z  =  0,  how  can  the  values  of  E  and  B_ 
in  the  rest  of  the  tube  be  determined? 
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If  the  set  of  modes  as  given  by  Uq,  (2,8)  is  complete  then  any 

arhitrary  field  will  'be  a  linear  combination  of  the  fields  in  Eq.  (?.g), 

that  is,  there  will  exist  constants  C   such  that 
'  mn 


00       00 

(mn) 


^'i:  r 


S  =  >     ^    C^^r 


.  n=  -00  m=l 

(2.9) 


00      00 


E  Yl 

a=  -00  m«=l 


How  can  the  constants  C       he  found?     Let  us  represent  the  values 

(O)     "'"^(O) 
of  B     and  S^  »*  z=0  ^y  *,.        »  ^       •     '^^^^  putting  z=0  In  Bqs,    (2.9)  aa<i 

(2,8),  we  find  that 

B(0)  =  y"      V"    c       li^j'    (r    r)*-5^    J     (r    r)l 
n'*  -00     B^l  "    o^ 

(2.10) 


ioO 

e 


Y"    y~  c       -4^  J   (r  r)  *-^^j'  (r  r) 


n=  -00       in*l  ~     *   mn 


Using  the  well  known  orthogonality  property  of  the  trigonometric  functions, 

— inO 

if  we  multiply  En,  (2,10)  by  e     d©  and  integrate  from  0  to  2n,  we  find  that 

r2n  Q* 


2n 
(2.11) 


i-  ^       E  ^°^  e'^""^  dO  =  Y"  C      fj^fsiE  j'    (  r    r)  ■»•       °^       J   (r     r)"\ 

pFT  J         r                     d«        /  ^mn      r  n  ''  'on  '  -      2     ^     n^  '  mn  'J 

0                                        ^   ■■               L    'mn  Y'™,.'^ 

m=l  •  on 


-1  (^  B  ^°^  e-^^°  dO  =  y~  C   f^^^J  (r  r)-^^^j'(r  r)l 


Ic  Bq,  (2.11),  the  left  hand  side  is  a  known  function  of  r  and  the  constants 


C   must  be  determined, 
mn 


How,  if  the  fixnctions  in  the  brackets  formed  an  orthogonal  set,  we 
could  perform  an  integration,  just  as  we  did  in  going  from  (J^.^-O)  to  (2,ll), 
and  e-Toress  C   as  a  double  inte^jral  involving  E^    and  2^   .   In  the  next 


mn 


section  we  shall  investigate  the  orthogonality  properties  of  these  functions. 
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3«  Orthogonality  Relationships 

Jot   the  examination  of  the  orthogonality  properties  we  snlit  off 
from  E  and  H  the  harmonic  time  dependence  and  the  exponential  z-dependence 
and  designate  the  new  quantities  tjy  means  of  the  old  symbols  E  and  H,  This 
does  not  cause  any  confusion  because  the  integrals  which  we  will  employ  are 
with  respect  to  the  transverse  coordinates  only.  Our  only  purpose  in  doing 
this  is  to  avoid  writing  down  the  (constant)  factor  e^^  "*  ^*'', 

We  now  resolve  the  vectors  £  and  H  into  longitudinal  and  tranfsverse 

components 

a  =  i  E  ♦  B_ 
(3.1)  '    "■       ' 

In  Eq,    (3»1).   i     is  ^^^  unit  vector  in  the  longitudinal   direction,   E     is 
a  scalar  and  E_  a  vector,    function  depending  only  on  the  transversfs 
coordinates.      Let  i     and  1„  be  unit  vectors  in  the  radial  and  tangential 
directions,  put 


e 

■''■'  r  Ln  __ 

■  on  T      ^ 


\  (r.O.  r .n)  =   e^  ^^*  -— -  J^  (  X^^r)  -  — -  J^  (  r„^r)J  J^e 

^       y*     r  *  ran 

*  mn 


mn 


mn  T      '^ 


e 
z 


inO 

e 
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then 

00      00  00      00 


(3.3) 


mn 

n«=  —00  B=l  0^  —00  bfI 


n=  -00  B=l  BF  -00  in=l 

00      00 
UP  -00   B=l 

We  shall  now  investigate  different  types  of  orthogonality  conditions 

(am)  ,  (mn)    (mn)  .  (mn) 
Involving  e-    ,  n_    ,  e     ,  h     »   In  conventional  wave  guides  the 

longitudinal  components  of  the  modes  are  orthogonal,  that  is 

A 

2        2 
if  (itt-Bu  )  •♦•  (n-n,  )  ijf  0,  where  the  integral  of  Eq,  (3,U)  is  taken  over  the 

cross-sectional  area  A  of  the  cylinder.   If  the  cross  section  is  a  circle, 

S(l«  (3*^^  becomes 

»2n     /.a 


^  0     ''o 


(mn)   (m,»,  )        ^ 
re     e   J.  1     dr  =  0 
2      z 


(mn.) 
and  for  the  case  of  the  traveling  wave  tute,  where  e  is  given  "by 

Bq,    (3«2)   the  orthogonality  condition  reduces  to 

(.  ^\  I         d©    P    rJ     (V     r)j       (r         r)     e^°®     e^    dr 

(3.5)  J^  J^  n     »mn        n^  ^  'm^  n^   ^ 

If  n^p-n.,    the  integration  with  respect   to  0  gives   zero.      If  n  =  -n-, »   the 
value  of  the  integral  in  Bq,    (3»5)  depends  on 

f*     r  J„  (  Tt)  J  „  (  r  r)     dr 

J  n      '  mn         -n        m^ ,  — n 


since 


=  (-l)''JorJ     (  r    r)  J     (^m,,  n"*)     dr 
^'      vO         nmn         n  1 


J     (x)  =  (-l)""  J  ^  (x) 
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The  integral  may  be  evaluated  by  formulas    pafje  I3U  in  V/atson's  Bessel 
Punctlons,     We  find  that   it   eqiials 


/  ,  xn  I  n    •  m,  n 

\-l)     a y-  1  ^Y^  n"  'nm 


J  (r  b) 


J   (  r    a)  J   (  r       a) 


f   mn    •   n^  n  "         1  * 

■  /^m,  n       /3 
1     ^       a 


•   nm""  •    a.  n  '- 


tan  o< 
k 


m.n      ntn        ak 


r, 


m  n 


.       _    (  r    a)  J   (r       a) 


"by  use  of  Ekj,    (P.6).      In  general,    there  is  no  reason  for  this  to  be   zero  and 
by  actual  calculation  it  can  be  shown  to  be  different  from  zero   for  particular 
▼alues  of  o,   n,  m^^,     A  similar  evalufition  shows  that  for  the  traveling  wave 
tube  none  of  the  integrals 

z  z 


/ 


.    (on)     .    ^ V^     ,  _  f        (mn)  -^S"^^     ,  ^  f  ,   (mn)  r  ^V 

h  h  <i^,       jee  dtTorJh  ^      '  h 

A       «  *  ^       z  z  A       ^  * 


is  zero.     Here  "e     and  E    mean  the  conjugates  of  e     and  h  . 
z  z  z  z 

We  next   investigate  the  possibility  of  an  orthogonality  condition 

involving  the  transverse  components  of  the  field.     An  evaluation  of  the 

Integrals   involved  shows  that 

(m,n) 

d(r 

A 


o  o  f  /  \  ^^1^ 

(  Y^^   -  r^   )      e  ^"^^    e       ^ 


d<r 


=  I  <  /^mn  -  '^m^n^  '^n  ^  y;^'^^  '^n  ^r^^^n^^ 

which,  again,  is  in  general  not  equal  to  zero. 
It  will  be  proved  that 

(mn)    rr  S^^ 


(3.6) 


/. 


iy  •   ®T    X  hj 


do- 


2        2 
for  (m-ia,  )  ■♦•  (&-n,  )  ^   0.  Just  as  before,  if  ndpn,,  the  Q   integration  will 

make  the  integral  in  iJq.  (3.6)  equtl  to  zero.  Suppose  now  that  n  =  n, ,  then 

from  Bqs.  (3.3)  and  (3.2) 
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^.     (e,'-'  X    K,'^^  •  .;-'     C'''    -  •«<■"'     -y 


-p--p^ l^/^m/Z^m^n^fk  j'(  r   r)j'(  r      r)  ••■  ^^^ xJiT    r)J  (  r      r)) 


(3.7) 

2. 


-----       -1-  ^      ,2     n      nn       rx      m^x 

•»•  #mni  'm-n 


'  am  'm,  n  1  1  -i"*^ 


Hence,  "by  Eq,    (3.7) 


r  V  ^«T^'^^  ^D^°''^^  '^<^  =  ]  "«>  [ 


r  1,-   (ej^"^i  h;^^"^''  )     dr 


a 

^  Y^mn      rnun  I  n         mn        n      'm-n 

1  r> 


(3.8) 

*         4    ,.      

n    *  mn         n     'm^n 


(  V-     V-     )2  '^"'''  '^^'^    ■' 


*        J  (  r    r)  J  (  r     r) 


dr 


mn    m.  n 


'mn*a.n  J\^  1 

^  0 


'm^n     n'mn         n^     mnj 
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Designating  the  three  Integrals  which  appear  in  Eq.  (j.g)  "by  I^ ,  I  and 
I_,  that  equation  may  he  rewritten  ae 

/   V      (m  n) 

r   i^.  (.j^-^^x  h;^  M  dcr 

J  A 


(3.9) 


2n  *? 


•  mn  *  B 


?-  -^  (;^^^  V  '^  *  ^rifTb^  ■="'  '^«n  V.,n)  ' 


V 


(  v^   ^   )2  ^    rumrm  n"^   3 
'  an  '  a,  Q 


Howerer 
(3.10) 


3    n    nn    n  *  a.  n 


Moreover  an  integration  hy  parts  shows  that 

I 


I.  =  a 


J  (  y-  a)  J  (  r   a)      r 
n*  /  an    n    a^n       ♦  a^i 


mn 


r. 


an 


n    mn    n    m.  n 


(3.11) 


'  an  *  a.  n 


a^i 


or  see  Watson,  Bessel  Functions,  p.  13U. 


I,-a. 


(3.12) 


J  (r  a)j  (r    a)    r 

n  an   n  m^n    'an 


an 


y-    2    2 
*  an  v^  -  Y^ 

»  mn  'an 


r   j'(r   a)j  (r  a)-r  j'(r  a)j  (r  a)l 

•a,n  n  •a,n   n  an    an  u  an   a  Va  J 


a^n  n  'a^i 


•an  'a.n 
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30  that  If  the  terms  In  Sq.    (3,12)  free  of  I     be  coabinad,   we  have 
I  mn     ♦  m,n  ■"•  -t  1 


(3.13) 


•jnn  l^n 


Using  Bqs.  (3.I3)  and  (3.IO)  in  Sq.  (3,9),  there  results 


{  ij-   (^i'""'  X  Eit  ^  )  do- 


<-^»nV.^n) 


1      »mn*m, n  *      ^  * 


(3.U) 


^  n  J:>_  J  (  yj^  a)  J  (  T      a)J  . 

*  mn  *iiu u  ■'" 


2n  'T 


•mn  *in.  n 


P  ^wa.   r  m  a 
k  a  — r r= — 


2    .2     ^mn^m,nV  ^^ 


V"mn~  ♦  BLU 


n^  m.n   I 


«^n<  Tr„  „a) 
n  '  m.  n 

BL.  n   n  m.  n 


J  (  r  a) 

n  '  mn 


mn   n  '  mn 
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The  eigenvalue  ettuation  (2.6)  reduces   the  right  hand  side  of  Eq.    (3.1U)  to 

^rnm^/in-n'  f  22 /^  nun 


fs^[^''7t?f:'^-v'^^^-''"'vf^ 


r^VL         r'^-r"^,    ™'V^ '"^    "  ""i"  (    »^      (^^.''J''^ 


tan  9^  ^      '  mn 


*      (r^')'"' 


-  ^J?    n  J  ( r  a)  J  ( r. 

y^      y^  n      mn        n      ■ 

•  mn  •  m,  n 


'  mn  rm.  n 
I  ma  'BLn 


V      I        2  2  'mnr.»^nl-J~--2—    ^ 

/    mn     •  m.  n  l    mn       |    m.  n 


(3.15) 


ry^^     -7-^-2-  V^mn'^^^  V^^-A-f^-l-"^-^^"'*^-  ^-.-^ 
rmnTm^n  ^  mn"  i^  m^n  ^  1     t     "1  "l 


"mn  •  m.n  ~  r  nun  J'" 


2 


1 


2rTj2 ^         7       T "^  Jn^  J^»n^^  K^  r„      a)/  kVn.  .-  kV 

( V^      v^       )2         2     _     2  n      an         n    '  m  n     I       r^  m^n        /^ 

W  mn  I  m.n'         '    mn     «  m.n  -^ 

/o  m,n  Amn  ~  /°  mn  /^n^n       r  mn         "  i    ma.  i      nun 
~    Pmn  r  mri  r    mn  J 


-ll+- 


Hance 


(3.16) 


/  iz*   ^«T^"^^^  ^^°'^''  ^  <i^  "  0. 


A  calculation  similar  to  the  above  shows  that 


/ 


1  -(e'   'xh^'   ')  d(r=  -^-W i^- J  (  )r    a)  J'(  x-  a)  ♦  ;;-22-  j^r  v^  a) 


^J  (  ^  a)  J'(r  a)  ♦  — 

^  I  ^  /^.n^'  [^A'(  r^«)  *  U  -  -^  )  Jli   r.^a)j\ 

"inn  -' 

The  equation  (2,6)  really  gives  rise  to  two  sets  of  modes,  one  for 

the  roots  derived  with  the  plus  sign,  one  for  the  roots  with  minus  sign.  As 

has  "been  proved  the  orthogonality  condition  (3,16)  holds  for  each  set 

separately.   It  would  he  highly  desirable  for  Eq,  (3.I6)  to  hold  for  y^       a 

nn 

root  of  Bq.  (?,6)  with  plus  sign  and  Y"  „  a  root  of  Bq, (2,6)  with  minus.  An 
actual  evolution  shows  this  to  be  false.  Possibly  some  other  type  of  orthogon- 
ality condition  woxxld  show  this.  This  question  should  be  studied  since  the 
ususd  v/ave  guide  structures  show  no  analogous  behaviour. 

The  longitudinal  component  of  power  down  the  tube  resulting  from  two 

modes  If'   and  V^    is  given  by 
'  mn      m^n    ^     * 


He  J    V(eT^""^*e^^  )  X  (h^^»-^  .  h^  ^  )  d<r 
A 

(3.I8) 


I  (Vt'-'x^'""'-.-  't'°"'x  >^'"^" 


_  „    _  (Bin) 


A 


(m,n)     ,      s  (m,n)     (nL,n) 

*i^-   e^  \   hj^"^^*  V  e,  ^  X   5;^^   )  d<r   , 
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If  /*  ,  yi  «  are  two  roots  of  Eq,  (2.6)  with  the  same  sign,  the  result 
of  Bq.  (3.16;  shows  that  the  middle  integrals  of  Eq.  (3. 18)  are  individu- 
ally zero.   If  now  T      and  Yl  ^  are  two  roots  of  Bq,  (2,6)  one  derived 

mn         ariTa.  ^ 

with  plus  sign,  the  other  with  minus  sign,  we  have  with  the  aid  of 
Bq.  (3,2) 


\{  (am)  virl'4.^1s/     r-  ^"^)  f 


d<r 


=4      [(-'^  j'(r  r)-  -i2-j  (r  r))i  .(I^  J  (r    r). -i^j'(r  r))^^^ 
\\z    L       I  _     Ji    "iJi           "^     «     ^    1*^         r       2     _       n     mn        y^        n     mn        0  I  ^ 
^V               'mn                      y*     r                             IT     r                        'mn  J 

A  •  mn  •  mn 

:3.i9) 

I.  .  Tm  n     ,  ,  /m-n  -i 

(    i;^  J  (r   r)-  —i- J    (r„  r))i  *  (7?— J  cc  n^^)-  -^  J  (C  „r))la 


i  • 
z 


a  in  ^ 

(-^J'CX;     r)-  -^^    J  (  ^^     r))i^  •>•(     -  '°^''  J  (jD     r)-  -^^^  J'(r;     r))ij 
V-  n  "m,  n  2  n"m,  n         r  ?  n  "m,  n         »^  n    m,  n         t3 1 


f;^  V^..-^)-  ^<'V)'  V  (- ,t  <'^"n'>  -  ^^„^  ^.^»4' 


A     1- 


-  16  - 


^^, 


mn 


J'    (  r    r)j«    (  >^ 


/  mn  /na  n 
!   (  r„     r)  +  -i- 


1  *  mn  '  m-n 


"rm,n'       n         mn         n       m^n  ^  ^      ^       ^22       n^  *  mn         n^   •m,n 


k^n 


vn    mn  '  D.  z 


mn    m.  n 


kn^^ 


mn 


J  (  V_)  J  (r      r)  + 


(  r     Y-       )^r^       n      an       n      m^n 
mn  'm^n 


~mnr  m^n 

Y~        y?     J.         n      mn         n        m.n 
m-n  *  mn 


2  k^     ^ 

^     ^  J'(  r    r)  J     (  V"      r)  +    ^ J"   (r      r)  J«   (  r    r) 

n    'mn         n      •m,n  v      y^  n      'm.n         n        mn 


T^mn^r-  '  -        V  ^^n  ^n        "        "l 


mn 


(3.19) 


rm.  n  r'm^nrmn 

JJ!  (  r_r)  j;  (  r_r) h.—-—s     (r     r)j«(r      r) 


"C        f^  n         mn         n        mn  ^^  2         ''n^'m.n''''n''m.n 


mn 


1-2 J  (  r       r)  J«   (  r    r)  -H       -^"^        °^     ^  J     (  r      r)  J     ( r     r) 

?■        .^  n       m,n         n         mn  ._2/  ^        .^     x2     n      •  n^n         n         mn 


«    m^n  •  mn 


m.n  *  mn 


i^k^ 


r  mn/^m-n 


J     (  r    r)  J  (If       r)  -    s i — J  ( -r      r)  J»   ( r*    r) 


-2/ ^      ^       )^    '^  "^         "^      "h.'^  rr"^        Y~  n'  'm^n   '   'n   '  "  mn" 

mn  *  m^  n  •    m^n  •  mn 


1.2,  k/^  -t 

^J5 J     (r    r)  J'   (r      r)  -f     ■■       '^""^       J'   (r    r)  J«   (r      r)l   d<r 

n^«mn         n  ^  'm^n  ^nn  Ta^n       ^^  ^  '  »a''^     n  ^  'm^n^'^J   ^^ 


I  mn  •  m.n 


V 


=  0 
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Hencs  In  either  case 

(3.20) 


Ha   Ji_«  9„'  V  b„    *  !_•  e„  x      K,  (  d<r 


Bq.  (3«20)  may  be  translated  Into  the  Important  physical  result:  the 
longitudinal  component  of  the  power  down  the  helical  guide  is  the  sum 
of  the  powers  due  to  each  mode  alone* 

2 
U,  Proof  that  f     is  always  real. 

The  orthogonality  condition  of  Section  3  can  be  used  to  prove  that 

y2   is  always  real.  Since  J  (  Ifr)  satisfies  a  second  order  differential 

equation  with  real  coefficients  it  follows  that 

(U.l)  J^  (fa)   »  J^Cra),  /  (ra)  =  7^  Ua), 

It  has  been  shown  that 

<".=)       <r'^-  r»„)  I  V  (•,'""''  5,'°^"^  *<^"° 

^  A 

for  Y^       ±T       ,  >Aere    T    ,    Y are  two  arbitrary  roots  of  Bq.    (2.6) 

Bm  ~T      m.  n  mix      'B.n 

with  the  same  sign.     In  Iq,    (^,2)  replace  ^1  ^  "b/  Tb  n*     *^®  right  hand 
side  is  zero;    the  left  hand  side  —  see  Sq.    (3.8) 

^  "?,  (  r^    -7^     )U/S    */     )lcf     rJ*(r    r)j'(r     r)  dr 
I  I  2      *    mn     '     ma  [    rmn  (  mn'      J  ^        n     'mn         n   '  mn 

I  •  mn  1 

._      .2   V  mn   P  mn'    J  r 

\''mn  1  0 


♦  a (lee'        J  (  r    a)  T  C  r    a)         = 

.v^     |2  n    'mn        n    *  mn     J 

1^» 
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(U.3) 

2 


i^(r'„-r^„)f(^^-^„)  J    r|/(r^r)l 


k  n 


Iru^ 


<,^.^^)  f    IVSdl  = 


dr 


1  ^     1 2      In      'BUB     •      J     . 

I  •  n 


If  we  recall  that  Es/fl  X),   it  is  seen  that  all  the  terms  in  the  hracket  of 

Bq,    (U,3)     are  positive,   thus    y  ^^  "    y- j,^     oust  he  zero,   from  vAiich  we  infer 

that 

'lan      *   Hin 

Hence  the  eigen-value  equation  (2,6)  cannot  have  any  complex  roots.  This 
res\ilt  complements  the  vrork  of  Phillips  and  it  may  now  he  stated  that 
Bq,  (2,6)  has  an  infinity  of  real  roots,  a  finite  (zero)  ntuaher  of  pure 
imaginary  roots  and  no  complex  roots, 

5.  Conclusion 

We  have  been  successful  in  finding  an  orthogonality  condition  for 
each  set  of  modes  in  the  helical  wave  guide  under  the  houndary  conditions 
of  this  paper.  Prom  the  orthogonality  condition  we  derived  two  conclusions; 
(i)  the  z-component  of  power  down  the  tuhe  is  the  siun  of  the  powers  due  to 
each  node  alone;  (ii)  the  roots  of  the  eigen-value  equation  giving  the  mode 
structure  cannot  he  complex. 

The  orthogonality  condition  is  restricted  however  to  modes  given  by 
the  same  transcendental  equation.  The  condition  fails  for  two  modes,  each 
of  which  is  obtained  froa  a  different  equation.  This  is  in  sharp  contrast  to 
the  conventional  wave  guide  problem  where  it  is  not  uncommon  to  derive  two 
eigen-value  equations  for  the  modes,  and  yet  orthogonality  exists  between  mixed 
modes. 

The  failure  of  oar  condition  means  thet  there  is  no  way  of  expanding 
an  arbitrary  function  in  terms  of  the  node  functions  based  on  Eq,  (3,6),  The 
question  needs  further  study;  in  particular,  possibly,  a  new  orthogonality 
condition. 
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